Introduction
The conditions under which lubricated contacts in machine element applications have to operate reliably have become much more severe in the past years. As a result the nominal film thickness in the contacts has decreased to a level where the influence of surface roughness becomes significant. This development has initiated a large number of studies on the influence of surface texture in elastohydrodynamic lubrication focusing mainly on the elastic deformation of the roughness inside the contact: numerical simulations have been presented for line and elliptic contacts with ridges, sinusoidal waviness, isotropic patterns and measured roughness, see for instance Chang et al. ͓1͔, Greenwood and Morales-Espejel ͓2͔, Venner et al. ͓3͔ Lubrecht ͓4͔, Venner and Lubrecht ͓5͔, Hooke ͓6͔, Ai and Cheng ͓7͔, Xu and Sadeghi ͓8͔, Zhu and Ai ͓9͔, and Hu and Zhu ͓10͔. By contrast the influence of roughness on friction in EHL contacts has hardly been studied. It is, however, important to map this influence as the friction generated in EHL contacts is usually an important engineering parameter. Eventually roughness patterns on the surfaces of EHL contacts should be defined such as to provide both an optimal film build-up ability and optimal friction. Until now research on friction in rough EHL contacts has been hampered by the difficulties of combining rough EHL analysis with non-Newtonian effects. Most of the studies cited above are restricted to pure rolling conditions and/or assume a Newtonian lubricant behavior. As a result they are of little value for friction prediction. The influence of roughness on the friction coefficient is discussed in only a few publications, notably the paper of Xu and Sadeghi ͓8͔ in which a thermal Newtonian EHL contact model is used with measured roughness distribution as an input.
However the basis for an in-depth numerical analysis of roughness effects on friction exists. The friction generated in smooth rolling/sliding EHL contacts has been extensively studied for the two main types of rheological models, see Jacod et al. ͓11, 12͔ . The results provide a framework in which the effect of roughness can be identified. The studies on roughness deformation have produced a lot of knowledge on how roughness and its effect can best be characterized for prediction purposes. In particular the approach based on single harmonic components has proven to be useful, Venner and Lubrecht ͓5͔ Masen et al. ͓13͔ .
The purpose of this paper is to study systematically the effect of longitudinal roughness on friction by means of numerical simulations. The rheological model considered is the Eyring model because it can easily be implemented in numerical schemes, see Ehret et al. ͓14͔ , and for its accuracy regarding the prediction of roughness deformation, see Venner et al. ͓15͔. The roughness is described by a sum of harmonic components. In this paper the relative variation of the friction coefficient due to roughness is calculated for a wide range of operating conditions and piezoviscous behavior for harmonic components of varying wavelengths and amplitudes. The objective is to bring the results together in a prediction formula which can then be used as a building block in the analysis of complex roughness.
The analysis is then repeated for a combination of two waves and a combination formula is established allowing the representation of complex roughness geometries as an equivalent wave. The validity of the combination formula is verified numerically by comparing its prediction with the results of full numerical simulations for the case of a real rough profile.
and is a dimensionless speed parameter 
where the dimensionless mean shear stress is given by
with
The perturbation analysis is based on the assumption that the shear stresses are only partially coupled, e ϭ x ϭ m ϩz(‫ץ‬p/‫ץ‬x) and that the mean shear stress in the y-direction is negligible so, y ϭz(‫ץ‬p/‫ץ‬y) where z varies from Ϫh/2 to ϩh/2. For details the reader is referred to Ehret et al. ͓14͔ and Greenwood ͓16͔. In its simplest form the lubricant density is assumed to be constant ϭ1 and the viscosity is taken to depend on the pressure according to the Barus equation. In dimensionless form this equation is given by 
where
The dimensionless film thickness equation is given by
where ⌬ is the dimensionless mutual approach of the contacting bodies, SϭS͑͒ a shape factor due to the ellipticity of the contact, see Nomenclature, and R(Y ) denotes the longitudinal roughness. In this work the roughness is defined as the sum of N harmonic components:
The mutual approach ⌬ is determined by the force balance condition
Finally, the reduced coefficient of friction is defined as
2.2 Friction of Smooth Contacts. In a previous work, see ͓11͔, the authors showed that the value of the friction coefficient in a smooth isothermal EHL contact lubricated with an Eyring fluid could be obtained using a simple formula 
This variable, c represents the ratio of the shear stress that would be obtained in the center of the contact if the lubricant was Newtonian to the Eyring stress 0 . Equation ͑13͒ means that to an averaging factor ͑1/5͒ the friction in smooth EHL contacts is determined by the shear stress in the center of the contact. This can be explained by the fact that due to the exponential character of the pressure-viscosity relation, the viscosity at this point is so high that it dominates the friction generation.
Conditions
3.1 Operating Conditions. The presence of waviness on one of the contacting surfaces causes relative variations ␦ / on the friction level that would be obtained with perfectly smooth surfaces. The magnitude of these variations depends on the operating conditions, the lubricant characteristics, and the roughness geometry. In particular it depends on the response of the shear stress to viscosity fluctuations induced by the pressure variations. The various influences are investigated for circular contacts by means of six cases. The importance of the piezo-viscous behavior is reflected in the choice of two cases for each pressure-viscosity relation. The cases are denoted:
IB1 Circular contact with an incompressible lubricant following Barus' pressure-viscosity relation, ␣ϭ20 GPa Ϫ1 . IB2 Same configuration as IB1 except that ␣ϭ30 GPa Ϫ1 . CR1 Circular contact with a compressible lubricant following Roelands' pressure-viscosity relation, ␣ϭ20 GPa Ϫ1 and z R ϭ0.67. CR2 Same configuration as CR1 but now with ␣ϭ15 GPa Ϫ1 and z R ϭ0.87. ͒, see Table 1 and Bair ͓25͔.
For each case, the operating conditions are varied. In term of the Moes dimensionless numbers, see ͓20͔, 100рM р1000, 5рL р15. The Eyring stress 0 is taken 2р 0 р8 MPa. The slip is varied between 0.1 and 2 percent. Higher values of the slip are not considered because thermal effects are then thought to be significant.
Waviness.
The waviness is characterized by its dimensionless amplitude A and wavelength W and its relative position to the contact centerline Y ϭ0 by
Regarding the amplitude it is useful to introduce another dimensionless quantity, the relative amplitude Ā defined as Ā ϭA/H c where H c is the dimensionless smooth central film thickness. The values of Ā and W considered in this work are Ā ϭ0.25, 0.5 0.75, Wϭ1/10, 1/8, 1/6, 1/4, 1/2. In real applications it is impossible to know exactly the lateral position of the roughness. However, the value of ␦ / depends on this position. For the harmonic components each value of between 0 and 1/2 will result in different values of ␦ / . There are different ways of taking this effect into account, for instance by taking the average value of ␦ / or its maximum value. In this paper it is chosen to monitor the maximum value of ␦ / because in general roughness will result in an increase of the friction coefficient so monitoring max(␦ / ) will give a worst case estimate. Calculating ␦ / for the entire range of is however not practical. As a consequence ␦ / is calculated for ϭ0 and ϭ1/2 only. The larger value is taken to represent the maximum value of ␦ / .
An example of pressure, film thickness and shear stress distributions typical for the conditions considered in this work is given in Fig. 1 . It is obtained for case IB1 with M ϭ500, Lϭ10, S ϭ0.5 percent and 0 ϭ4 MPa; Aϭ0.5 and Wϭ1/6. Figure 1͑b͒ shows that the waviness is not totally deformed in the contact as the sinusoidal variations can still clearly be seen in the central region. Accordingly, the pressure and shear stress distributions also exhibit sinusoidal variations.
Numerical Method.
The non-Newtonian EHL problem is solved numerically using multilevel techniques. The numerical details and an indication of the accuracy are presented in Appendix A. To compute the relative friction variation ␦ / , the friction coefficient is calculated twice: once for the smooth case and once with one wavy surface, the conditions remaining the same. variation ␦ / has been calculated for all six cases ͑IB1 to CY2͒ over the whole range of M, L, slip and 0 values. In order to plot the results, the characteristic shear stress c is used, see Eq. ͑14͒. This parameter has been defined in an earlier study of friction in smooth EHL contacts ͓11͔ and characterizes unequivocally the severity of the operating conditions with respect to friction.
The results are plotted in Fig. 2 . The figure shows that ␦ / decreases with increasing c . However, the rate of decrease of ␦ / with c varies for each case. Note also that in each individual case the spread can be quite large. It seems therefore that the value of the friction variation ␦ / is only loosely related to the parameter characterizing the severity of the operating conditions with respect to friction for smooth contacts.
In order to find the correct parameter to characterize the friction variations due to roughness a very simplified analysis of the friction generation mechanisms in rough contacts is performed: let's assume that the behavior of ␦ / can be ascribed to what happens in the center of the contact. Note that strictly this is not allowed because the friction variation depends on the contribution of the whole contact. Let's assume also that the influence of the pressure variations on ␦ / is much larger than that of the film thickness variations. Indeed in the center of an even moderately loaded EHL contact where the viscosity is very high, even small changes in pressure result in large changes of the viscosity, and, therefore, of the friction coefficient. Then, based on the mastercurve obtained for the smooth contacts, see Jacod et al. ͓11͔, the friction coefficient for a rough surface can be approximated by
where ␦P is the amplitude of the pressure variations in the center of the contact. To a first-order approximation Eq. ͑16͒ reads
Using
Equation ͑17͒ becomes:
Equation ͑19͒ shows that the friction variations due to roughness are strongly related to the way in which the viscosity reacts to pressure perturbations and to the level of friction experienced in the smooth contact. A new parameter can be defined taking these effects into account
In that case the friction variations are given by
The parameter ⌫ can be described as a measure of the pressureinduced viscosity variations. It also incorporates the influence of the level of friction. For c Ӷ1, S ϳ c /5 and thus ⌫ is independent of the smooth friction level. For c ӷ1 on the contrary ⌫ becomes inversely dependent on S . For the IB cases ⌫ has an asymptote for large c values. In that case ⌫ tends to
Neglecting ln(2S/(5H c )) compared to ␣p H gives ⌫ϳ1. Note that in practice the value of the pressure perturbation ␦P used in Eq. ͑19͒ is not known beforehand. It depends on the operating conditions and on the waviness. To check whether the new parameter ⌫ correctly characterizes the mechanism responsible for the friction variations the data set shown in Fig. 2 is displayed as a function of ͑⌫Ϫ1͒ in Fig. 3 . The figure shows that the data points obtained for different pressureviscosity relations now fall quite closely together. This means that regardless of the pressure-viscosity relation chosen, the origin of friction variation remains the same and is accurately characterized by ⌫.
To the accuracy of the analysis, the data points seem to follow a line on the log-log plot. For this combination of ͑Ā ,W͒ the scatter of the data points is quite small. Note that ⌫ is independent of Ā and W. It only characterizes how a contact is likely to react to pressure variations. The influence of Ā and W has to be determined separately from the graphs obtained for different combinations of Ā and W.
The results for other combinations are shown in Fig. 4 . For more results see ͓21͔. The parameter works best for the combinations of short wavelengths, large amplitudes and intermediate wavelengths and amplitudes. For waviness with large wavelength and amplitude the spread may be quite large indicating that the mechanism responsible for the friction variations is not accurately characterized by ⌫ anymore. However in most surfaces used in engineering applications the roughness can be best described by waves of small wavelength and large amplitude which is also the case for which the present analysis works best. Figure 4 shows that the friction variations induced by the roughness are rarely larger than 10 percent. As expected, the amplitude of the friction variation increases with an increasing waviness' amplitude and wavelength. Moreover it increases with increasing ⌫. This means that the friction variations will be large if the lubricant is highly piezoviscous and/or if the value of the friction coefficient for the smooth case is low. From an engineering point of view only those cases are interesting as a friction variation less than 10 percent is very likely to get lost in the noise of any friction measurement.
The presence of spread even under the conditions for which ⌫ seems to work best can be explained by at least two factors:
1. The possibility of fine-tuning the prediction to the information of the waviness inside the contact is lost because of the choice made to relate ␦ / to out-of-contact parameters Ā and W. For some operating conditions the elastic deformation of the waviness inside the contact may be larger than for others resulting in larger pressure fluctuations and therefore viscosity variations which can not be taken into account with only out-of-contact parameters.
2. The value of ␦ / depends on the lateral position of the waviness. To obtain Fig. 4 only two values of were considered ϭ0 and ϭ1/2. For each combination ͑Ā ,W͒ the data points are roughly on a Transactions of the ASME straight line. The position of the line depends on Ā and W. Using a multiple regression approach the following curve fit formula has been derived from the data
is only a curvefit and should be used as such. In particular because the underlying physical understanding is missing, one should be careful to use the formula only close to the range for which it has been defined: Ā Ͻ1 and Wр1/2 keeping in mind that the results are likely to be better for small wavelengths. With those precaution, however, Eq. ͑23͒ is a simple formula that can be used to get an estimate of the friction variations caused by longitudinal waviness in a circular EHL contact.
Elliptic Contacts.
The validity of Eq. ͑23͒ for elliptic contacts is investigated using a smaller data set. Instead of a full factorial analysis with respect to Ā and W, for each combination (M ,L,S , 0 ) only one random pair ͑Ā ,W͒ is studied. The results are compared to the prediction of Eq. ͑23͒ in Fig. 5͑a͒ for R X /R Y ϭ1/2 and in Fig. 5͑b͒ for R X /R Y ϭ1/5. In both cases the results from the calculations and from the predictions of Eq. ͑23͒ are quite close. The spread is of the same order of magnitude as for the circular contact. In particular the spread is quite large for small friction variations, i.e., ␦ / р1 percent. This range of friction variation has however a limited practical interest as it falls into the noise range of any friction measurement.
Summarizing, a parameter ⌫ has been found characterizing the effect of roughness induced pressure variations on the variations of the friction coefficient in EHL contacts. A formula has been derived giving ␦ / as a function of Ā , W, and ⌫, see Eq. ͑23͒.
The ellipticity enters indirectly through the parameter ⌫. At this point its physical meaning remains to be found.
Results: Two Waves
In this section the results obtained for a single wave are used to examine the case of two waves of different wavelength and am- plitude. The amplitude and wavelength of the two waves are varied in the following range: wavelength W 1 ϭ1/8, W 2 ϭ1/4, and amplitude 0.2рĀ i р0.7. The resulting roughness profile is the combination of both waves:
For each combination (Ā i ,W i ) the friction variation ␦ / is calculated for more than 30 different cases where both the operating conditions ͑M, L, slip and 0 ) and the pressure-viscosity relation ͑IB1 to CY2͒ considered vary. Then Eq. ͑23͒ is used to define an ''equivalent single wave'' of amplitude Ā * and wavelength W*.
This equivalent single wave is defined such that when used in Eq.
͑23͒ it gives the same value for the friction variation ␦ / as that computed for the combination of the two waves. The computations show that when one component of the combined waves has a clearly larger amplitude, the friction variation obtained with the combined wave can also be obtained by considering an equivalent single wave with an amplitude slightly larger than the largest amplitude of the combined waves and a wavelength close to the wavelength of the component of the combined wave presenting the maximum amplitude. When the components of the combined wave have similar amplitudes the amplitude of the equivalent single wave is close to the sum of both component's amplitude. From those observations, a possible definition of the equivalent wave's wavelength and amplitude is
Note however that Eq. ͑23͒ is much less sensitive to W than to Ā . Therefore, it is difficult to validate the definition of W* given in Eq. ͑25͒. Other combinations of W i and Ā i could probably be used for W* with little difference on the predicted value of ␦ / .
Roughness
The objective of this section is to show that Eq. ͑25͒ can be used with more than two waves, e.g., with the Fourier decomposition of a real roughness profile, to define an equivalent single wave which can in turn be used in Eq. ͑23͒ to predict the friction variation due to the roughness.
For this purpose two examples of real rough surface profiles are considered. The friction variation ␦ / is calculated using both the approximate approach of Eqs. ͑25͒ and ͑23͒ and full numerical computations using the multigrid solver. To use Eqs. ͑25͒ and ͑23͒ the roughness profiles are first decomposed in a sum of harmonic components using Fast Fourier Transform, see Fig. 6 . For the full numerical calculations, on the other hand, a reconstructed ͑via Inverse Fast Fourier Transform͒ rough profile is used. The reconstruction is however restricted to the Fourier components with wavelengths larger or equal to 1/10 th of the Hertzian half width of the contact because of the restricted range of frequencies that the numerical solver can accurately represent on a grid. Note that in order to calculate the same thing with both approaches, the same restriction of the number of harmonic components is used when using Eq. ͑25͒.
However, as the objective is to show that the combination formula can be used for more than two waves, skipping the highfrequency information is not harmful as long as the main irregularities of the profile remain. Figure 6 shows that this is the case. The reconstructed profile based on 34 harmonic components is sufficiently irregular to represent a good test of the validity of Eq. ͑25͒. Note that although in reality the roughness varies slightly along the running direction, for the numerical calculations it is assumed to remain constant.
The friction variation ␦ / caused by the presence of the profiles R1 and R2 on the upper surface is calculated for all six cases IB1 to CY2. M and L values are taken to obtain a given film thickness in the contact using the Venner and Lubrecht film thickness formula, see ͓20͔, and, therefore, a certain relative amplitude of the roughness. For each of the six cases the values of M and L needed to obtain a constant value of Ā are slightly different. Two levels of roughness are considered for each rough profile: Ā *ϭ0.27 and Ā *ϭ0.39 for R1 and Ā *ϭ0.31 and Ā *ϭ0.41 for R2. The equivalent wavelengths are W*ϭ0.3 and W*ϭ0.36 for R1 and R2, respectively. For all configurations the maximum Hertzian pressure is p H ϭ1.07 GPa. An example of the computed film thickness and pressure profile along the central line of the contact is given in Fig. 7 for R1 ͑Ā *ϭ0.27͒ and R2 ͑Ā *ϭ0.31͒.
Equation ͑25͒ predicts the maximum friction variation ␦ / and should be compared to the maximum friction variation calculated for both profiles. Obviously the value of ␦ / obtained with the numerical solver depends on the lateral position of the profile. To get an approximation of the maximum friction variation ␦ / has been calculated for nine positions of the roughness profiles representing a total shift of ⌬Y ϭ2. Instead of using the largest of the values calculated for the nine cases to represent the maximum friction variation a statistical approach is used. From the set of results an average friction variation (␦ / ) and a standard deviation can be calculated. A good representation of the maximum friction variation is then ␦ / ϳ(␦ / )ϩ2. For both profiles, the agreement is good except in the case of CY1. Recall that CY1 is the case that also differed most from the others with respect to ␦ / ϭ f ( c ) behavior. Even when plotted using ͑⌫Ϫ1͒ as a parameter the data points for CY1 sometimes stray away significantly above the curvefit of Eq. ͑23͒. With the rough profile, those differences may add up and eventually the difference between the calculated and predicted ␦ / can become quite large. Nevertheless the comparison with full numerical calculations shows that Eq. ͑25͒ can be used quite well for a combination of more than two harmonic components. It appears that Eq. ͑25͒ can be applied to the Fourier transform of any longitudinal rough surface. This enables the calculation of the friction changes induced by an arbitrary roughness distribution with a similar accuracy as was obtained for the single wave study in a simple way.
Conclusions
The influence of sinusoidal waviness on the friction coefficient has been studied. A general predictive formula has been derived, Eq. ͑23͒, relating the changes in friction ␦ / to the out-ofcontact geometry of the waviness and a parameter ⌫ characterizing the response of the contact to pressure variations.
The analysis has been extended to several harmonic components. It is shown that the effect of several components on the friction variation can be modeled by defining an equivalent single wave. The wavelength and amplitude of the equivalent wave are obtained by combining in a nonlinear way the wavelengths and amplitudes of the various components. The validity of the combination formula, Eq. ͑25͒, has been verified numerically in the case of real rough profiles.
Equations ͑23͒ and ͑25͒ give the possibility to evaluate the friction changes introduced by any arbitrary longitudinal roughness. The real roughness distribution can be decomposed in harmonic components using Fourier transform which can subsequently be used to calculated the equivalent wave and its effect on friction. 
